Autonomous rendezvous and proximity operations between a chaser spacecraft and a target space object, consist of autonomous controlled approach and controlled docking with or controlled capture of the target by the chaser. Guidance, navigation and control problems during autonomous rendezvous and proximity maneuvers between spacecraft are challenging, particularly when the target spacecraft or space object is not cooperating with the chaser spacecraft. In this work, we present a guidance scheme and a control scheme for a chaser spacecraft that is tasked to synchronize its motion with a target space object during close proximity maneuvers. The guidance scheme generates a desired state trajectory based on remote measurements of the motion states of the target from the chaser and motion prediction of the target. The tracking control scheme for the chaser results in asymptotic tracking of the desired state trajectory with an almost global domain of convergence on the state space. These schemes are applied to the situation where the chaser spacecraft synchronizes its attitude motion with the target, while maintaining a constant relative position with respect to the target at the end of the maneuver. Numerical simulation results are presented to show the performance of these guidance and tracking control schemes.
I. Introduction
Current state-of-the-art capabilities for non-autonomous rendezvous and capture require human-in-theloop operations, as in the shuttle docking with the International Space Station (ISS). Some of these operations may even require long and dangerous spacewalks, like in the case of astronaut capture of spacecraft (like the Hubble Space Telescope) for servicing. Such operations generally require cooperative systems utilizing inter-spacecraft communications and relative navigation aids in both the chaser and the target spacecraft and often end in teleoperated capture. In contrast, Autonomous Rendezvous and Proximity Operations (ARPO) require sensor suites that enable autonomous navigation and control, autonomous robust control with fault detection and recovery, and robust capture or docking mechanisms.
For over a decade now, research and technology development efforts in ARPO have led to a few on-orbit demonstrations, with both successes and failures. One of the earliest such missions was the Engineering Test Satellite 7 (ETS-7), a Japanese mission that demonstrated successful on-orbit capture of an aided target satellite during 1998 ( 1 ). Autonomous rendezvous has also been used for docking with the Mir ( 2 ). The United States Air Force (USAF) Experimental Small Satellite XSS-10 and XSS-11 missions demonstrated on-orbit proximity operations (without capture) of unaided targets. The XSS-10 mission successfully demonstrated autonomous acquisition, tracking and circumnavigation of its launch vehicle upper stage in
(
3 ), while the XSS-11 mission performed proximity operations on a variety of resident space objects (RSOs) during years 2005 and 2006 ( 4 ). NASA's Demonstration of Autonomous Rendezvous Technology (DART) mission in 2005 was a technology validation mission for ARPO using an aided target that led to an unplanned collision with the target due to non-robust ARPO navigation logic ( 5 ). More recently, in 2007, Defense Advanced Research Projects Agency (DARPA) started its ARPO program with the Orbital Express (OE) demonstration mission ( 6, 7 ), which was similar to the DART mission in that it utilized a navigationaided target to assist the pursuer during ARPO. The OE was followed up by DARPA with the Spacecraft for the Universal Modification of Orbits (SUMO) project, which was renamed the Front-end Robotics Enabling Near-term Demonstration (FREND) project, for ARPO involving satellites in GEO orbits ( 8, 9 ). The FREND project relied on ground simulations using robotic platforms for risk reduction and development of technologies for ARPO ( 9, 10 ). This paper deals with the guidance and control of an autonomous spacecraft that is tasked to pursue and approach an uncooperative target body in space. Both the chaser spacecraft and the target object are modeled as rigid bodies moving in a central gravitational field, with possible non-conservative forces and torques. The chaser spacecraft is fully controlled with all six degrees of freedom being directly actuated. The target object is not controlled and not cooperating with the chaser spacecraft that is pursuing it. This scenario would be observed in several practical applications, like autonomous approach prior to docking with and servicing of an impaired target spacecraft, or autonomous maneuvers prior to capture of a piece of orbital debris. We only deal with the pre-docking part of this procedure, when there is no physical contact involved between the chaser and the target.
The work presented in this paper is unique in its own ways. Most guidance, navigation and control schemes for ARPO presented in the literature consider target objects that are in circular or nearly-circular orbits, as in. 6, 7, 11, 12 The analysis is carried out based on this assumption, using the Clohessy-Wiltshire (or Hill's) equations, as in. [11] [12] [13] The guidance and control algorithms presented here are based on a global analysis of the motion using the framework of geometric mechanics, and are applicable to all types of trajectories of the target and chaser spacecraft about a central body, including open (parabolic or hyperbolic) trajectories. This guidance algorithm is obtained directly in discrete time, so as to make it ready for computer implementation. The tracking control scheme and its discretization presented here are a modification of the tracking control scheme for an autonomous underwater vehicle presented in.
14 The discretization of the dynamics and control scheme for both the chaser and the target are obtained in the form of Lie group variational integrators ( 14, 15 ). To the authors' knowledge, this is the first instance that discrete-time guidance and control algorithms based on geometric mechanics have been applied to a spacecraft rendezvous problem.
The structure of this paper is as follows. In section 2, we present the dynamics models of the target space object and the chaser spacecraft. This section also gives a discretization of the dynamics of the target object. Section 3 presents the guidance algorithm, which uses the discrete-time model of the dynamics of the target given in section 2. In section 4, we present the feedback tracking control scheme for the chaser, and its discretization. Section 5 presents numerical simulation results conducted using the discrete-time guidance and control laws for a chaser spacecraft pursuing a target object in a highly elliptical orbit. Finally, section 6 presents concluding remarks and observations made from the theoretical and numerical results presented in this paper.
II. Dynamics of Chaser and Target
The dynamics of the target space object (which is not controlled) and the chaser spacecraft are described here. Both spacecraft are assumed to be in a central gravitational field, similar to that experienced in the Earth's orbital environment. The target object is assumed to be non-cooperative with the chaser and moves with unconstrained motion in an orbit. The chaser is tasked to rendezvous with the target as shown in the Figure 1 . At the terminal stage, the chaser approaches the target in close proximity without any relative motion between the two. The dynamics models given here ignore effects due to the non-spherical nature of the Earth (J2 effect), atmosphere, solar pressure and geomagnetism ( 16 ). However, if models for these environmental effects are known, then they may be easily added to the dynamics models used here.
A. Target Dynamics
The target spacecraft is non-cooperative with the chaser satellite and travels in an unperturbed orbit except for the effects of gravity. The configuration space is the special Euclidean group SE(3); it is the set of all translational motion and rotation of a rigid body. SE(3) is the semi-direct product SE(3) = R 3
SO(3). A superscript (·)
0 is used to specify target spacecraft states and parameters. Target attitude is represented by the rotation matrix R 0 ∈ SO(3) from a body-fixed reference frame to a geocentric inertial frame. The position of the target is expressed by the vector b 0 ∈ R 3 between the center of mass of the target and the origin of the geocentric inertial frame which is fixed to the center of the Earth. Translational and angular velocities for the target are represented in the body-fixed frame and denoted by the vectors Ω 0 ∈ R 3 and ν 0 ∈ R 3 . The kinematics equations for the target can be written as follows:
where the operator (·) × : R 3 → so(3) is the cross-product operator defined by
Here, so (3) is the Lie algebra of SO (3), alternately the linear space of 3 × 3 skew-symmetric matrices. Let the target mass be denoted m 0 and its moment of inertia J 0 . The dynamics of the target object is given by:
where
denote the gravity force and gravity gradient moment on the target, respectively, as given by
and µ is the gravitational parameter of the central body (Earth), which is assumed to be much larger than the target and chaser in this application. The state space of the target is TSE(3) SE(3) × se(3) and the motion states of the target are given by (b
B. Chaser Dynamics
The configuration of the chaser spacecraft is given by the position vector from the origin of the geocentric inertial frame to the center of mass of the chaser (denoted by b ∈ R 3 ), and the attitude given by the rotation matrix from a body-fixed coordinate frame fixed to the geocentric inertial frame (denoted R ∈ SO(3)). The kinematics for the chaser spacecraft takes the same form as the kinematics for the target, and is given by:
where ν ∈ R 3 is the translational velocity of the chaser spacecraft and Ω ∈ R 3 is the angular velocity of the chaser spacecraft, both vectors being expressed in the chaser's body frame. The state space of the chaser's motion states is also the same as the state space for the target's motion, which is SE(3) × se(3). Let φ c : SE(3)×se(3) → R 3 denote the feedback control force acting on the chaser, and let τ c : SE(3)×se(3) → R 3 denote the feedback control torque acting on the chaser. The dynamics equations of motion for the chaser are therefore given as follows:
where F g , M g ∈ R 3 denote the gravity force and gravity gradient moment, respectively, on the chaser spacecraft. The gravity force and moment on the chaser have the same form as the gravity force and moment on the target, which are given by equations (4)-(5). Note that unlike the dynamics models of terrestrial unmanned vehicles (as in 14 ) or spacecraft in (nearly) circular orbits (as in 15 ), for spacecraft moving in general orbits or trajectories, the gravity forces and moments vary with the location (inertial position vector b) of the spacecraft.
C. Discretization of Target Dynamics
For numerical implementation on a computer, the continuous equations of motion are discretized over a time interval [t 0 , t f ] where t 0 is the start time of the maneuver and t f is the desired final time by which the chaser has achieved its rendezvous objective. We assume that the target's dynamics model is given by equations (1)-(3) and its inertia parameters m 0 and J 0 are known. We also assume that the target's states are observed or estimated from measurements carried out by the chaser. The discretization is obtained by applying the discrete Hamilton's principle to the uncontrolled target space object, as described in. 17 The resulting discrete dynamics are obtained as a Lie group variational integrator for the system, as in. 14, 15 This discretization of the target's dynamics is a necessary precursor to the guidance scheme, which is developed in discrete time based on the discretized dynamics of the uncontrolled target object and the controlled chaser spacecraft. Immediate future states of the target are necessary when generating a reference trajectory (guidance scheme) for the chaser. The discrete dynamics (Lie group variational integrator) has a constant time step size of h over the time interval [t 0 , t f ].
Let f k denote the discrete approximation to a continuous time-varying quantity f at time t k . We denote by h > 0 the fixed step size, i.e., t k+1 − t k = h. We also define a modified inertia matrix J 0 in terms of the standard moment of inertia matrix
, where I is the 3 × 3 identity matrix. Due to its appearance in publications before (e.g., 14, 15 ), we only provide the discrete equations for this integrator below:
JΩ
The derivation of these equations is given in. 18 An iterative process such as Newton-Raphson is used to solve for E k from equation (10) . The gravitational parameter µ assumes the mass of the satellites are negligible compared to the Earth, whose gravitational parameter is around 398, 600 km 3 /s 2 .
III. Guidance Scheme
The guidance scheme creates a reference trajectory which the chaser tracks to reach the desired end state relative to the target. In this paper, the desired end state is considered to be the target's state after a given time period from the start of the maneuver. The reference states of the chaser satellite is represented using the following representations of SE(3) and se(3):
where the lower-left entry 0 on both matrices above denotes a row vector of three zeros. The above representation is similar to the so-called Denavit-Hartenberg representation of transformations between links in a chain of links in robots ( 19 ). A subscript (·) r is used to denote a reference trajectory value for the chaser. Therefore, the kinematics of the reference trajectory on SE(3) can be obtained as:
Let the target configuration at time t k = (k − 1)h be represented by
Likewise, the chaser's configuration at time t k is
Define h k ∈ SE(3) such that it describes the relative configuration between the chaser's reference configuration at time t k and the target's configuration at time t k+1 , as follows:
The guidance scheme updates the chaser's desired (reference) trajectory in real time using its current reference states and the target's predicted states at the subsequent discrete time step. Therefore, the chaser's reference (or desired) configuration at time t k+1 is given by:
and α is a continuous function from the time interval [t 0 , t f ] to the unit interval, such that α(t 0 ) = 0 and α(t f ) = 1. The discretized velocities of the chaser spacecraft are given by:
se (3) and ξ 0 k is similarly defined. Note that this guidance scheme describes the desired (reference) state trajectory of the chaser such that for time t ≥ t f , the chaser's reference states (g r , ξ r ) are identical to the target's states (g 0 , ξ 0 ). To initialize this guidance scheme, we set the initial reference states of the chaser to be equal to the chaser's actual states at time t 0 ; note that the chaser's actual states are assumed to be known by the chaser's on-board computer for feedback control. Therefore, g 0,r = g(t 0 ) and ξ 0,r = ξ(t 0 ).
This method of initialization of the guidance scheme ensures that there are no initial high transient control efforts generated by the feedback tracking scheme described in the following section.
IV. Feedback Tracking Scheme
Here we present the feedback tracking control scheme for the chaser spacecraft pursuing the target, and we also present the time-discretization of this control scheme.
A. Tracking Errors
For feedback tracking purposes, we first define trajectory tracking errors between the chaser's desired (reference) state trajectory and its actual states at a time instant in the interval [t 0 , t f ]. These tracking errors for the chaser are defined as follows: a(t) b(t) − b r (t) = error in inertial position, x(t) R T r (t)a(t) = position error given in reference body frame, Q(t) R T r (t)R(t) = error in body attitude (orientation), υ(t) ν(t) − Q T (t)(ν r (t) + Ω r (t) × x(t)) = error in body translational velocity, and ω(t) Ω(t) − Q T (t)Ω r (t) = error in body angular velocity. Note that these definitions of the tracking errors give rise to a left-invariant "error kinematics" on SE(3) as given by:Ẇ = W ζ, where W = Q x 0 1 and ζ = ω
B. Feedback Control Algorithm
A feedback tracking control law, based on a Lyapunov analysis and using full-state feedback on the nonlinear space TSE(3) SE(3) × se(3) is presented here. This law is a slight modification of the tracking control law for an underwater vehicle as presented in, 14 with the modification being in the terms compensating gravity effects (uniform gravity and buoyancy for an underwater vehicle are replaced by central gravity here). The (continuous time) control laws for the chaser spacecraft are given by:
for the control torque, where e i are the columns of the identity matrix (physically, the unit vectors denoting the body frame axes), and
for the control force vector. The control gain matrices L ν , L Ω and N are positive definite. Control gain matrix K is diagonal, with
The gain matrices do not need to be constant. However, the components of K must be distinct, so that Φ(trace(K − KQ)) is a Morse function on SO(3), i.e., a function on a manifold with disjoint and non-degenerate critical points. 20 The time derivative, Φ , is then applied in (30). The proof of almost global asymptotic stability of this control scheme is given in, 14, 18 and is based on Barbalat's lemma and a generalization of Theorem 8.4 in.
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C. Discretization of Chaser Dynamics and Feedback Control
Here we present a discretization of the controlled dynamics of the chaser spacecraft for numerical implementation on a computer. This integration scheme is again obtained through discrete variational techniques, as described in. 17 The discretized dynamics is obtained as a Lie group variational integrator, as we did for the discretization of the target object's dynamics in Section C. This discretization scheme is presented in detail in. 18 We define the modified moment of inertia J where J = 1 2 tr[J]I − J and I is the 3 × 3 identity matrix. The discrete-time dynamics is given by the following equations:
where the discrete control inputs are defined as:
Equations (23)-(27) must be solved for in the order given. An iterative technique can be applied to solve for F k in equation (23), which is the only implicit equation in this set of equations.
D. Control Gain Scaling
A scaling technique will be applied to equations (30) and (31) to lower the magnitude of the control torque and control thrust. In this technique, the control gains are scaled by the function α(t) ∈ [0, 1] used to construct the guidance algorithm given in equations (18)- (19) . This technique can help meet constraints of control actuators. Therefore, the new control laws become:
V. Numerical Simulations
This section presents numerical simulation results for spacecraft rendezvous using the discrete-time guidance and control schemes on SE(3). Inertial parameters for the satellites were chosen based on realistic parameter values for microsatellites. The chaser and the target satellites have different mass and inertia properties.
A. Simulation Parameters
The mass properties of the target object are: m = 56.7 kg and an inertia matrix diag(4.85, 5.10, 4.76) kg · m 2 . The chaser satellite mass, m = 60.7 kg, and inertia matrix, diag(4.85, 4.76, 5.10) kg · m 2 are similar to the target spacecraft. The target is in a Molniya orbit while the chaser approaches it from a neighboring orbit. The initial translational state vectors for each satellite can be seen in Table 1 The Molniya orbit was selected for its large eccentricity to add complexity to the guidance and control tasks. The attitude motion of the target is such that its body-fixed coordinate frame is always aligned with its local orbital (or LVLH) frame. 22 The control gains L Ω , L ν , K, and N were selected after multiple simulations for their ability to converge to the target with a reasonable control effort. The values of the control gains are: 6.3×diag(0.12, 0.11, 0.14), 7×diag(0.67, 0.60, 0.93), 4.2×diag(0.20, 0.24, 0.28), and 10.3×diag(0.65, 0.69, 0.62) respectively. A 250 second time interval (t f − t 0 = 250 s) was allotted for the rendezvous maneuver. The length of the time interval affects the final convergence. A longer time interval will reduce the final position error between the two satellites. This time interval was selected because it provided position error vectors within 0.5 m in each component.
B. Simulation Results and Discussions
The simulation results are plotted in figures 2 to 6. It can be seen in (Fig. 2) that the tracking error is initially zero and becomes large in magnitude before converging to the final values. There is no initial tracking error because the chaser's actual initial state is established as its desired initial state. The principal angle tracking error, defined as the principal angle corresponding to the attitude tracking error matrix Q, remains small, of the order 10 −3 radians, as it converges to zero. The position and velocity tracking errors increase during the first few seconds of the maneuver as the chaser trajectory generation moves in small steps towards the target object. As relative position fluctuates (Fig. 4) so does the tracking error. Within 50 seconds from the start of the maneuver, the errors have reduced significantly and continue to decay. Angular velocity tracking errors remain small, order of 10 −4 rad/s, throughout the simulation. The control effort is largest in the initial 50 seconds (see Fig. 6 ) to compensate for the large tracking errors. Changing the function α produces the most significant change in the control effort magnitude and final position accuracy. The function used for these numerical results was nonlinear, α = [sin ( Scaling the control gains by α significantly decreases the magnitude of the control effort. Position errors with the non-scaled control inputs have larger magnitudes, although they converge faster, and this causes the larger forces. The behavior of the chaser satellite is noticeably different between the two methods. This will be seen in the next section. With such control gain scaling, the largest magnitude with the scaled gains is of order 10 2 N for the control thrust, and 10 −4 N·m for control torque. 
C. Control Scaling Results
Results for the control gains scaling are presented and discussed here. The same α function and initial conditions from the previous subsection were applied to these results; however, the control gains were also scaled by this function to obtain the results here. As stated before, all tracking errors initially begin at zero. The position tracking error can be seen in angle errors finally converge to zero. This is in comparison to the approximately 75 seconds it takes for the principal angle to converge to zero with the non-scaled controls. Velocity tracking errors with the control 
VI. Conclusion
In this paper, we obtained and presented new schemes for guidance and control of a spacecraft that is autonomously pursuing a target space object with the intention of docking with it or capturing it. The schemes can be applied to all types of (translational and attitude) motions of a target object in the vicinity of a large central body like the Earth. These schemes were obtained in discrete time for ease of computer implementation. Control gains were also scaled by a parameter used in the guidance algorithm, and this was found to be effective in reducing transient control efforts, at the expense of increased time taken to converge to the desired relative states with respect to the target. The performance of these schemes was checked using numerical simulations. Results obtained show the convergence of the combined guidance and control scheme to the desired end states of the chaser spacecraft relative to the target. A future extension of this research will combine the guidance and control schemes with a navigation scheme that estimates the target object's states from remote measurements obtained by the chaser.
